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Thermal Postbuckling Characteristics of Laminated Conical
Shells with Temperature-Dependent Material Properties
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The nonlinear thermoelastic buckling/postbuckling characteristics of laminated circular conical/cylindrical
shells subjected to uniform temperature rise are studied employing semi-analytical finite element approach based
on first-order shear deformation theory and field consistency principle. The nonlinear governing equations, con-
sidering geometric nonlinearity based on von Kármán’s assumption for moderately large deformation, are solved
using Newton–Raphson iteration procedure coupled with displacement control method to trace the prebuck-
ling/postbuckling equilibrium path. The presence of asymmetric perturbation in the form of small magnitude load
spatially proportional to the linear buckling mode shape is assumed to initiate the bifurcation of the shell deforma-
tion. The study is carried out to highlight the influences of semicone angle, number of layers, material properties,
and number of circumferential waves on the nonlinear thermoelastic response of the laminated circular coni-
cal/cylindrical shells. The participation of axisymmetric and asymmetric modes in the total response of the shells
is brought out through the deformation shape analysis. The comparison of thermoelastic pre- and postbuckling
characteristics of shells with temperature-dependent material properties is made with those considering constant
material properties, and the behavior is found to be significantly different depending upon the shell parameters
and degradation rate of material properties. The shells exhibit softening type of prebuckling nonlinear response
and snap-through-type/stable postbuckling response depending upon the geometrical/material parameters.

I. Introduction

T HE modern aeronautical and other engineering structures, such
as supersonic and hypersonic aircraft, rockets, satellites, as

well as electronic equipment, nuclear components, etc., are of-
ten expected to operate at elevated temperatures. The advances
in composite technology have led to the application of elevated-
temperature composite structural elements, such as cylindrical and
conical shells, tailored for the required performance as load-bearing
members in the design of more and more sophisticated futuris-
tic structures. Also, the conical shells are often used as transition
elements between cylinders of different diameter and/or end clo-
sures in various engineering applications such as tanks and pressure
vessels, missiles and spacecraft, submarines, etc. The temperature
rise in these structural elements caused by boundary restraints can
introduce compressive membrane state of stress leading to ther-
moelastic instabilities/buckling failures. An estimate of the critical
buckling temperature can be made through a linear eigenvalue anal-
ysis, whereas the sensitivity to the imperfections and postbuckling
behavior is evaluated by means of nonlinear analysis. For the later
analyses, generally in the literature, an imperfection/perturbation
affine to the critical buckling mode evaluated from eigenvalue anal-
ysis is assumed to be present in the shell structures.

The thermal buckling studies of composite laminated shells have
received limited attention in the literature compared to those of
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isotropic shells and laminated panels.1−3 The available literature
on laminated shells is mostly dealing with the thermoelastic buck-
ling characteristics of circular cylindrical shells.4−17 The critical
buckling temperatures of laminated composite cylindrical shells are
estimated based on linear eigenvalue approach by using Semiloof
shell finite element,4,5 employing Galerkin method for approximate
analytical solution of improved Donnell’s equations,6 and semi-
analytical finite element based on first-order shear deformation
theory.7,8 The buckling and postbuckling response of composite
shells subjected to high temperature is studied by Birman and Bert9

employing nonlinear thermoelastic version of Love’s first approxi-
mation theory and snap-through type of behavior is discussed quali-
tatively. The postbuckling analyses of perfect and imperfect, unstiff-
ened and stiffened, multilayered cross-ply cylindrical shells under
thermomechanical loading situations have been performed by using
von Kármán–Donnell theory and employing singular perturbation
approach.10−14 The dynamic effects on the stability characteristics
of laminated cylindrical shells arising as a result of the sudden ap-
plication of the thermal load15,16 and the presence of periodic time-
dependent temperature filed17 are also investigated in the literature.

The studies on the thermoelastic buckling characteristics of coni-
cal shells are mostly dealing with the isotropic shells,18−22 except the
work of Wu and Chiu.23,24 This can be attributed to the inherent com-
plexity of the basic equations in curvilinear circular conical coordi-
nates, which are a system of nonlinear partial differential equations
with variable coefficients. Thermoelastic buckling23 and thermally
induced dynamic instability24 of laminated composite conical shells
are investigated employing perturbation approach to solve the lin-
ear three-dimensional equations of motion. The initial prebuckling
thermal stresses are evaluated directly by multiplying thermal strains
with the constitutive matrix.23,24 However, it has been brought out
in the literature that the prebuckling state of stress has to be deter-
mined using the deformation filed obtained from the static analysis
of the shells subjected to assumed temperature distribution.

In all of the studies just cited,4−24 the elastic and thermal proper-
ties of materials are considered to be independent of temperature.
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However, the material properties are known to degrade with the
rise of temperature25; therefore, it is more appropriate to take
into account the temperature-dependent material properties for ac-
curate/rigorous design/analysis. Thermal postbuckling analysis of
laminated plates26−29 and curved panels,30 and thermal buckling of
local delamination31 near the surface of laminated cylindrical shell
are studied considering temperature-dependent material properties.

To optimally exploit the strength and load-carrying capacity
of laminated composite conical/cylindrical shells at elevated tem-
peratures, accurate prediction and understanding of their ther-
mal buckling/postbuckling characteristics considering temperature-
dependent material properties is important. However, to the authors’
knowledge, the study on the thermoelastic buckling/postbuckling
behavior of laminated conical/cylindrical shells with temperature-
dependent material properties appears to be scarce in the literature.
The participation of axisymmetric/asymmetric modes is also not
brought out clearly in the limited number of analytical investigations
available on thermal postbuckling behavior of cylindrical shells.

Therefore, in the present work the thermoelastic buckling/
postbuckling characteristics of laminated truncated circular conical/
cylindrical shells subjected to uniform temperature rise are studied
through nonlinear static analysis employing semi-analytical finite
element approach. Geometric nonlinearity is introduced in the for-
mulation by using von Kármán’s strain-displacement relations. The
presence of asymmetric perturbation in the form of small-magnitude
load spatially proportional to the linear buckling mode shape is
assumed to initiate the bifurcation of the shell deformation from
axisymmetric mode to asymmetric one. The study is carried out
to highlight the influences of semicone angle, number of layers,
material properties, and number of circumferential waves on the
nonlinear thermoelastic response of the laminated circular coni-
cal/cylindrical shells. The comparison of thermoelastic postbuck-
ling characteristics of shells with temperature-dependent material
properties is made with those considering constant material proper-
ties, and the behavior is found to be significantly different depending
upon the shell parameters and degradation rate of material proper-
ties. The participation of axisymmetric and asymmetric modes in
the total response of the shells is also highlighted through the de-
formation shape analysis.

II. Formulation
An axisymmetric laminated composite shell of revolution is con-

sidered with the coordinates s, θ , and z along the meridional, cir-
cumferential, and radial/thickness directions, respectively. The dis-
placements u, v, w at a point (s, θ, z) from the median surface are
expressed as functions of middle-surface displacements u0, v0, and
w0, and independent rotations βs and βθ of the meridional and hoop
sections, respectively, as

u(s, θ, z) = u0(s, θ) + z βs(s, θ)

v(s, θ, z) = v0(s, θ) + z βθ (s, θ)

w(s, θ, z) = w0(s, θ) (1)

Using the semi-analytical approach, u0, v0, w0, βs , and βθ are
represented by a Fourier series in the circumferential angle θ . For
the nth harmonic, these can be written as32

u0(s, θ) = u0
0(s) +

4∑

i = 1

[
uci

0 (s) cos(in θ) + usi
0 (s) sin(in θ)

]

v0(s, θ) = v0
0(s) +

4∑

i = 1

[
v

ci
0 (s) cos(in θ) + v

si
0 (s) sin(in θ)

]

w0(s, θ) = w0
0(s) +

2∑

i = 1

[
w

ci
0 (s) cos(in θ) + w

si
0 (s) sin(in θ)

]

βs(s, θ) = β0
s (s) +

2∑

i = 1

[
βci

s (s) cos(in θ) + βsi
s (s) sin(in θ)

]

βθ (s, θ) = β0
θ (s) +

2∑

i = 1

[
β

ci
θ (s) cos(in θ) + β

si
θ (s) sin(in θ)

]
(2)

where superscript 0 refers to the axisymmetric component of dis-
placement field variables, and ci and si refer to the asymmetric
components of the field variables having circumferential variation
proportional to cos (inθ ) and sin (inθ ), respectively.

The preceding displacement variations in the circumferential di-
rection are chosen according to the physics of the large deformation
of shells of revolution, that is, participation of axisymmetric mode
and higher asymmetric modes.32−36 Additional terms in the in-plane
displacements, compared to radial displacement, are added to keep
the nonlinear membrane strains consistent.

With von Kármán’s assumption for moderately large deformation,
Green’s strains can be written in terms of midsurface deformations
as

{ε} =
{
εL

p

0

}
+

{
zεb

εs

}
+

{
εN L

p

0

}
(3)

where the membrane strains {εL
p }, bending strains {εb}, shear strains

{εs}, and nonlinear in-plane strains {εN L
p } in Eq. (3) are written as37

{
εL

p

} =






∂u0

∂s
+ w0

R
u0 sin φ

r
+ ∂v0

r∂θ
+ w0 cos φ

r
∂u0

r∂θ
− v0 sin φ

r
+ ∂v0

∂s






{εb} =






∂βs

∂s
+ ∂u0

R∂s
βs sin φ

r
+ ∂βθ

r∂θ
+ u0 sin φ

Rr
1

R

∂u0

r∂θ
+ ∂v0

∂s

cos φ

r
+ ∂βs

r∂θ
+ ∂βθ
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− βθ sin φ

r


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
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βs + ∂w0
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r


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
,

{
εN L

p

} =


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

1

2

(
∂w0

∂s

)2
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∂w0

r∂θ
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∂w0
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(4)

where r, R, and φ are the radius of the parallel circle, radius of the
meridional circle, and angle made by the tangent at any point in the
shell with the axis of revolution.

If {N} represents the stress resultants (Nss, Nθθ , Nsθ ) and {M} the
moment resultants (Mss, Mθθ , Msθ ), one can relate these to mem-
brane strains {εp} ( = {εL

0 } + {εN L
0 }) and bending strains {εb} through

the constitutive relations as
{{N}

{M}

}
=

[
[A] [B]

[B] [D]

]{{εp}
{εb}

}
−

{{N̄}
{M̄}

}
(5)

where [A], [D], and [B] are extensional, bending, and bending-
extensional coupling stiffness coefficients matrices of the composite
laminate. {N̄} and {M̄} are the thermal stress and moment resultants,
respectively.

Similarly, the transverse shear force {Q} representing the quanti-
ties (Qsz, Qθ z ,) are related to the transverse shear strains {εs} through
the constitutive relation as

{Q} = [E]{εs} (6)

where [E] is the transverse shear stiffness coefficients matrix of the
laminate.

For a laminated shell of thickness h, consisting of N layers
with stacking angles θi (i = 1, . . . , N ) and layer thicknesses
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hi (i = 1, . . . , N ), the necessary expressions to compute the stiff-
ness coefficients and thermal stress/moment resultants, available in
the literature38 are used here.

The potential energy functional U1(δ) (as a result of strain energy
and transverse load) is given by

U1(δ) = 1

2

∫

A

[{
εp

εb

}T [
A B

B D

]{
εp

εb

}
+ {εs}T [E]{εs}

−
{
εp

εb

}T {
N̄

M̄

}]
dA −

∫

A

q w0 dA (7)

where δ is the vector of degrees of freedom associated to the dis-
placement field in a finite element discretization and q is the applied
external pressure load.

The potential energy U2(δ) due to initial state of in-plane stress
resultants {N0} = {N 0

ss N 0
θθ N 0

sθ }T is written as

U2(δ) =
∫

A

{εNL}T {N0} dA (8)

Following the procedure given in the work of Rajasekaran and
Murray,39 the total potential energy functional U (δ) [= U1(δ) +
U2(δ)] can be expressed as

U (δ) = {δ}T
[
(1/2)[[K] − [KT ] + [KG]] + (1/6)[N1(δ)]

+ (1/12)[N2(δ)]
]{δ} − {δ}T {FM } − {δ}T {FT } (9)

where [K] is the linear stiffness matrix and [N1] and [N2] are non-
linear stiffness matrices linearly and quadratically dependent on the
field variables, respectively. [KT ] and [KG] are the geometric stiff-
ness matrices due to thermal and initial stress resultants. {FM } and
{FT } are mechanical and thermal load vectors.

The minimization of total potential U (δ) given in Eq. (9) with
respect to vector of degrees of freedom δ leads to the governing
equation for the deformation of the shell as
[
[K]−[KT ]+[KG]+(

1
2

)
[N1(δ)]+(

1
3

)
[N2(δ)]

]{δ} = {FM }+{FT }
(10)

The governing Eq. (10) can be employed to study the linear/
nonlinear static and eigenvalue buckling analyses by neglecting the
appropriate terms as follows.

Linear static analysis:

[K]{δ} = {FM } + {FT } (11)

Nonlinear static analysis:
[
[K]− [KT ]+(

1
2

)
[N1(δ)]+(

1
3

)
[N2(δ)]

]{δ} = {FM }+{FT } (12)

Eigenvalue buckling analysis:

[K]{δ} = �T
[
K∗

G

]{δ} (13)

where [K∗
G] is the geometric stiffness caused by initial state of stress

developed because of unit uniform temperature rise and �T is the
temperature rise.

For the purpose of evaluating [K∗
G], first the static analysis of the

shell using Eq. (11) for unit temperature rise is carried out. The
resulting deformation field is used to calculate the initial state of
stress resultants using Eq. (5) and, in turn, for evaluating the [K∗

G]
matrix.

The nonlinear prebuckling followed by postbuckling equilibrium
path is traced by solving Eq. (12) using a Newton–Raphson iteration
procedure coupled with displacement control method.40 The degree
of freedom for which the increment in the last step is the highest
is selected as a control parameter. The equilibrium iterations are
continued for each load/displacement step until the convergence
criteria suggested by Bergan and Clough41 are satisfied within the
specific tolerance limit of less than 0.001%.

III. Element Description
The laminated axisymmetric shell element used here is a C0 con-

tinuous shear flexible element and has 33 nodal degrees of freedom

u0
0, uc1

0 , us1
0 , uc2

0 , us2
0 , uc3

0 , us3
0 , uc4

0 , us4
0 , v0

0, v
c1
0 , v

s1
0 ,

v
c2
0 , v

s2
0 , v

c3
0 , v

s3
0 , v

c4
0 , v

s4
0 , w0

0, w
c1
0 , w

s1
0 , w

c2
0 ,

w
s2
0 , β0

s , βc1
s , βs1

s , βc2
s , βs2

s , β0
θ , β

c1
θ , β

s1
θ , β

c2
θ , β

s2
θ

at three nodes in a curved element leading to 99 degrees of freedom
per element.

If the interpolation functions for three-noded element are used
directly to interpolate the five field variables u0, v0, w0, βs, and βθ

in deriving the transverse shear and membrane strains, the element
will lock and show oscillations in the shear and membrane stresses.
Field consistency requires that the membrane and transverse shear
strains must be interpolated in a consistent manner. Thus, βs term in
the expression for {εs} given in Eq. (4) has to be consistent with field
function ∂w0/∂s as shown in the works of Balakrishna and Sarma42

and Prathap and Ramesh Babu.43 Similarly the w0 and (u0, v0) terms
in the expression of {εL

p } (first and third strain components) have to
be consistent with the field functions ∂u0/∂s and ∂v0/∂s, respec-
tively. This is achieved by using the field redistributed substitute
shape functions to interpolate those specific terms that must be con-
sistent as described by Prathap and Ramesh Babu.43 The element
derived in this fashion behaves very well for both thick and thin
situations and permits the greater flexibility in the choice of integra-
tion order for the energy terms. Because the element is based on the
field consistency approach, all of the strain-energy terms are eval-
uated using an exact numerical integration scheme with respect to
the meridional coordinate s. The integration in the circumferential
direction is carried out explicitly. The element employed here has
good convergence and has no spurious rigid modes.

IV. Results and Discussion
Here, the thermoelastic nonlinear prebuckling path followed by

postbuckling characteristics of laminated truncated circular conical
shells (1/R = 0) subjected to uniform temperature rise are inves-
tigated using the semi-analytical finite element formulation. The
radius of the parallel circle of the conical shell is expressed as
r = r1 + (r2 − r1) s/L , where r1 and r2 are the radii at the small and
large end of the conical shell and L is the slant length. The para-
metric study is carried out to highlight the influences of semicone
angle φ, number of layers N , material properties, and number of
circumferential waves n on the nonlinear prebuckling/postbuckling
response described as relationship between maximum outward nor-
mal displacement parameter wmax/h vs temperature rise �T for
the laminated circular conical/cylindrical shells. The comparison of
thermoelastic response of shells considering thermal degradation of
material properties is made with that of considering temperature-
independent (TID) properties.

The material properties used for the detailed studies are given
next.

Material 1
The variation of the mechanical properties and coefficients of

thermal expansion with temperature27,28,30,44 is given in Table 1. In
Table 1, E, G, ν, and α are Young’s modulus, shear modulus, Pois-
son’s ratio, and coefficient of thermal expansion, respectively. The
subscripts L and T are the longitudinal and transverse directions

Table 1 Temperature-dependent properties of material 1
(GTT = GLT, νLT = νTT = 0.28)

Temperature, ◦C

Property 20 200 260 600

EL , GPa 141 141 141 141
ET , GPa 13.1 10.3 0.138 0.0069
GLT, GPa 9.31 7.45 0.069 0.0034
αT , 10−6/◦C 0.018 0.054 0.054 0.054
αL , 10−6/◦C 21.6 37.8 37.8 37.8
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respectively with respect to the fibers. These properties are evalu-
ated in the work of Chen et al.44 based on the rule of mixtures in
conjunction with a glass transition temperature of 200◦C for epoxy,
retention of graphite fiber stiffness till 3000◦C, and limited experi-
ments. Between any of the two specified temperatures, the material
properties are assumed to degrade linearly. The reference tempera-
ture is taken as 20◦C.

Material 2
The temperature-dependent elastic constants and coefficients of

thermal expansion are assumed to be linear functions of temperature
change �T and are expressed as31

EL(T ) = E0
L

(
1 − E1

L�T
)
, ET (T ) = E0

T

(
1 − E1

T �T
)

GLT(T ) = G0
LT

(
1 − G1

LT�T
)
, GTT(T ) = G0

TT

(
1 − G1

TT�T
)

αL(T ) = α0
L

(
1 + α1

L�T
)
, αT (T ) = α0

T

(
1 + α1

T �T
)

(14a)

where

E0
L = 181GPa, E0

T = 10.3 GPa, G0
LT = G0

TT = 7.17 GPa

νLT = νTT = 0.28, α0
L = 0.02 × 10−6/◦C

α0
T = 22.5 × 10−6/◦C, E1

L = E1
T = G1

LT = G1
TT = 0.5 × 10−3

α1
L = α1

T = 0.2 × 10−3 (14b)

Here, the superscripts 0 and 1 refer to the values at reference tem-
perature and constant coefficients, respectively.

Material 3
The material property variation with temperature rise is assumed

similar to material 2. The different material constants are taken
as26,29

E0
L = 208 GPa, E0

T = 5.2 GPa, G0
LT = 2.6 GPa

G0
TT = 1.04 GPa, νLT = νTT = 0.25, α0

L = α0
T = 1 × 10−6/◦C

E1
L = 0.5 × 10−3, E1

T = G1
LT = G1

TT = 0.2 × 10−3

α1
L = α1

T = 0.5 × 10−3 (15)

The properties at reference temperature (�T = 0) are used in
the analysis for the TID material property assumption case. All of
the layers are of equal thickness, and the ply angle is measured with
respect to the meridional axis (s axis). The first layer is the innermost
layer of the shell.

The details of simply supported and clamped–clamped immov-
able boundary conditions considered here at the two ends (s = 0, L)
of the shell are as follows.

Simply supported:

u0
0 = uc1

0 = us1
0 = uc2

0 = us2
0 = uc3

0 = us3
0 = uc4

0 = us4
0 = v0

0 = v
c1
0 = v

s1
0

= v
c2
0 = v

s2
0 = v

c3
0 = v

s3
0 = v

c4
0 = v

s4
0 = 0

w0
0 = w

c1
0 = w

s1
0 = w

c2
0 = w

s2
0 = β0

θ = β
c1
θ = β

s1
θ = β

c2
θ = β

s2
θ = 0

(16)

Clamped–clamped:

u0
0 = uc1

0 = us1
0 = uc2

0 = us2
0 = uc3

0 = us3
0 = uc4

0 = us4
0 = v0

0 = v
c1
0 = v

s1
0

= v
c2
0 = v

s2
0 = v

c3
0 = v

s3
0 = v

c4
0 = v

s4
0 = 0

w0
0 = w

c1
0 = w

s1
0 = w

c2
0 = w

s2
0 = β0

s = βc1
s = βs1

s = βc2
s = βs2

s = β0
θ

= β
c1
θ = β

s1
θ = β

c2
θ = β

s2
θ = 0 (17)

Based on progressive mesh refinement, 48 elements idealization
is found to be adequate to model the complete slant length of the con-
ical shells. Before proceeding for the detailed studies, the compari-
son of thermal postbuckling behavior predicted based on the present

Fig. 1 Comparision of thermal postbuckling curve for cross-ply
(0/90 deg)S laminated clamped–clamped cylindrical shell (L = 3 m, r1 =
r2 = 3.8197 m, h = 0.01 m; EL = 130.3 GPa, ET = 9.377 GPa, GLT = 4.502
GPa, νLT = 0.33, αL = 0.139 ×× 10−6, αT = 9.0 ×× 10−6, n = 14).

Fig. 2 Temperature vs maximum displacement curve for clamped–
clamped isotropic circular conical shells [r1/h = 366, L/r1 = 2.83, h = 0.005
in. (0.000127 m), α= 10.4 ×× 10−6/◦F (18.72 ×× 10−6/◦C), φ= 15 deg].

formulation is made with the work of Shen11 for cross-ply laminated
cylindrical shells. The results are presented in Fig. 1 as temperature
parameter λT (=103α0�T ) vs maximum inward asymmetric dis-
placement (wc1

0 /h) curve and are found to be in good agreement. The
present formulation is also validated by comparing the critical bifur-
cation temperature value of 96.6578◦F (53.6988◦C), evaluated from
the present nonlinear analysis for a clamped-clamped conical shell
fabricated from brass sheet (r1/h = 366, L/r1 = 2.83, h = 0.005
in., α = 10.4 × 10−6/◦F, φ = 15 deg) with the theoretical result of
98◦F (54.4444◦C) reported in the work of Chang and Lu.20 How-
ever, the experimental value of buckling temperature observed by
Chang and Lu20 is 128◦F (71.1111◦C). The discrepancy between the
theoretical and experimental results is attributed to the determina-
tion of buckling by visual inspection.20 To clarify this, the nonlinear
thermoelastic response of the shell evaluated in the present study is
depicted in Fig. 2. It can be observed that the shell shows a snap-
through type of postbuckling response and the maximum outward
displacement at 128◦F temperature is about three times the thick-
ness of the shell, whereas the inward displacement (not shown in
the figure) is about six times of the thickness. For the thin shell
considered in experimental investigation,20 this amplitude level of
deformation can be considered being visually observable.

Next, the nonlinear thermoelastic response characteristics of two-
and eight-layered cross-ply laminated simply supported conical
shells (L/r1 = 1, r1/h = 500, material 1) are shown in Fig. 3 for
different values of semicone angle (φ = 0, 30, and 60 deg) con-
sidering TID and temperature-dependent material properties. The



1384 PATEL, SHUKLA, AND NATH

a) b)

Fig. 3 Nonlinear thermoelastic response curves for cross-ply laminated simply supported conical shells (L/r1 = 1, r1/h = 500, material 1): a) 0/90 deg,
n = 21; and b) (0/90 deg)4, n = 18.

Fig. 4 Variation of normal displacement components along the meridional direction for two-layered cross-ply laminated simply supported conical
shell (L/r1 = 1, r1/h = 500, φ= 30 deg, n = 21).
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circumferential wave numbers n chosen for the presentation of re-
sults correspond to the lowest bifurcation temperature. It is observed
from this figure that the response characteristics of temperature-
dependent property case are significantly different from those of
temperature-independent property assumption for the geometrical
and material parameters considered in this example. The equilibrium
paths depicted in the figure can be divided into prebuckling range
(e.g., path segment o-a-b), buckling/bifurcation point b and post-
buckling range (e.g., path segment: b-c-d-e- f -g-h-i- j-k marked in
Fig. 3a for φ = 30 deg). Along the prebuckling path, the increas-
ing trend in the rate of increase of the maximum displacement with
the rise in temperature reveals the softening type of nonlinear pre-
buckling characteristics. It can also be noticed from Fig. 3 that the
increase in the semicone angle φ results in a decrease in the crit-
ical bifurcation temperature and an increase in the associated pre-
buckling deformation level. The shells with φ = 0 and 30 deg show
snap-through type of postbuckling response, whereas shallow con-
ical shells (φ = 60 deg) reveal stable postbuckling behavior. The
postbuckling response shows hardening type of nonlinear nature
away from the vicinity of bifurcation (wmax/h ≥ 1.2). The thermal
degradation of the material properties leads to the increase in the
prebuckling nonlinearity and a decrease in the critical temperature
and postbuckling strength. The difference in the temperature param-
eter corresponding to bifurcation point and minimum equilibrium
temperature in the postbuckling path shows decreasing trend with
the increase in the semicone angle, indicating that the sensitivity
to imperfection can decrease with the increase in semicone angle.
Similar interpretations have been made for panels subjected to ther-
momechanical loading45 and cylindrical shells11 exposed to tem-
perature rise. The shell deformation in the temperature rise range
(180 deg ≤ �T ≤ 240 deg) after the glass transition temperature
of epoxy decreases drastically with the increase in �T as a result
of the degradation of material properties causing the reduction in
the equivalent mechanical load. For �T ≥ 240 deg, the maximum

Fig. 5 Variation of normal displacement components along the meridional direction for eight-layered cross-ply laminated simply supported cylin-
drical shell (L/r1 = 1, r1/h = 500, φ= 0 deg, n = 18).

displacement again increases slowly with the rise in temperature.
One can also infer from Figs. 3a and 3b that the reduction in the
bending-stretching coupling caused by lamination scheme yields
higher critical temperature and affects the postbuckling response
noticeably.

For the purpose of analyzing the relative participation of axisym-
metric w0

0 and asymmetric wc1
0 , wc2

0 normal displacement compo-
nents, their variations along the meridional direction corresponding
to the points marked in Fig. 3a for conical (φ = 30 deg) and in Fig. 3b
for cylindrical (φ = 0 deg) shells are depicted in Figs. 4 and 5, re-
spectively. It can be inferred from Figs. 4 and 5 that the prebuck-
ling response is dominated by axisymmetric component with sig-
nificantly lower participation of asymmetric components. After the
bifurcation point the postbuckling response is dominated by asym-
metric components. It can further be viewed from Figs. 4 and 5
that the relative contribution and meridional variation of axisym-
metric/asymmetric displacement components changes significantly
after the bifurcation point. It appears that these changes in response
pattern of various displacement components (w0

0, w
c1
0 , wc2

0 ) leads
to the decreasing trend of temperature parameter and/or maximum
displacement or the formation of loops (e.g., equilibrium path seg-
ments c-d-e and g-h-i in Fig. 3a) in the postbuckling equilibrium
path. Although, the unstable portion of the equilibrium path with
snap-through/loops might not be realizable practically with tem-
perature control; however, it reveals the evolution of deformation
shapes after jump from one stable path portion to next one with
an increase in temperature. Further, the uniform rise in temperature
leads to the outward axisymmetric transverse deformation of the
shell in the prebuckling range as a result of the presence of curvature
causing bending-membrane coupling,30,45 unlike the symmetrically
laminated perfect flat structures where the transverse displacement
is zero until the critical/bifurcation point. In the postbuckling re-
gion, the axisymmetric component has both expansion (outward)
and contraction (inward) phases unlike the contraction type of nature
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revealed33,35,36 in the large-amplitude asymmetric vibration of thin
circumferentially closed shells. One can also infer from Fig. 4 that
the stiffening effect at the smaller end of the conical shell leads to sig-
nificantly lower deformation magnitude toward that end compared
to the larger diameter side. However, for cylindrical shell case (see
Fig. 5) the deformation pattern is symmetric/antisymmetric with re-
spect to the center length of the shell as expected. It is also amply
clear from Figs. 4 and 5 that although the participation of asym-
metric mode with 2n circumferential waves is lower compared with
axisymmetric and asymmetric mode with n circumferential waves
its inclusion in the model is important for the accurate response
prediction of the shells.

To study the influences of length-to-radius L/r1 and radius-to-
thickness r1/h ratios on the nonlinear thermoelastic response be-
haviors, the simply supported conical shells with (r1/h, L/r1) =
(500, 0.5) and (200, 1) are analyzed, and the results are depicted
in Figs. 6 and 7, respectively. It can be noticed from Fig. 6 that
the response characteristics of short shells (L/r1 = 0.5) are, in gen-
eral, qualitatively similar to those of shells with L/r1 = 1. How-

a)

b)

Fig. 6 Nonlinear thermoelastic response curves for cross-ply lami-
nated simply supported conical shells (L/r1 = 0.5, r1/h = 500, material
1): a) 0/90 deg, n = 21; b) (0/90 deg)4, n = 18.

Fig. 7 Nonlinear thermoelastic response curves for cross-ply lami-
nated simply supported conical shells (L/r1 = 1, r1/h = 200, material 1,
0/90 deg, n = 13).

ever, the critical temperature parameter and postbuckling strength
are significantly higher for short shells, particularly for eight-
layered case, compared with long shells considered here. Similar
inferences can be drawn concerning with the influence of radius-to-
thickness ratio as viewed from Fig. 7 for two-layered shells. Fur-
thermore, the range of maximum displacement in the postbuckling
region for thermal degradation cases reduces with the decrease of
length-to-radius and radius-to-thickness ratios. One can also infer
from Fig. 6 that the local instabilities associated with the forma-
tion of loops/turning of equilibrium path observed for shells with
L/r1 = 1 are absent in the characteristics of short shells studied
in this example. It is also brought out in Figs. 6 and 7 that for

Fig. 8 Nonlinear thermoelastic response curves for cross-ply lami-
nated clamped-clamped conical shells (L/r1 = 1, r1/h = 500, material 1,
0/90 deg, n = 21).

a)

b)

c)

Fig. 9 Nonlinear thermoelastic response curves for cross-ply lami-
nated simply supported conical shells (material 2): a) L/r1 = 1, r1/h = 500,
0/90 deg, n = 20; b) L/r1 = 2, r1/h = 100, 0/90 deg, n = 9; and c) L/r1 = 2,
r1/h = 100, (0/90 deg)4, n = 8.
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Fig. 10 Nonlinear thermoelastic response curves for cross-ply lami-
nated simply supported conical shell (L/r1 = 2, r1/h = 100, (0/90 deg)2S,
φ= 30 deg, material 3).

certain shell parameters [(r1/h = 500, L/r1 = 0.5, φ = 0 deg) and
(r1/h = 200, L/r1 = 1, φ = 0 and 30 deg)] with thermal degrada-
tion of material properties the asymmetric bifurcation buckling/
postbuckling response behavior might not be realized.

To highlight the sensitivity of thermoelastic response behavior of
shells to boundary conditions, the analysis is also carried out for
clamped-clamped immovable support conditions, and the results
for one case (L/r1 = 1, r1/h = 500, 0/90 deg, material 1) are high-
lighted in Fig. 8. It can be concluded from the comparison of Figs. 8
and 3 that the sensitivity of thermoelastic response characteristics
to the rotational edge restraints is very less for the shells considered
here. It might slightly influence the extent of local instabilities such
as formation of loops/turning of equilibrium path as seen in Fig. 8.

Finally, the pre- and postbuckling characteristics of simply sup-
ported shells made up of material 2 and material 3 are analyzed,
and the results are shown in Figs. 9 and 10. It is observed from
these figures that the prebuckling thermoelastic response behavior
is qualitatively similar to that of shells of material 1. However, the
postbuckling response, which is of stable nature, is significantly dif-
ferent particularly for shells with thermal degradation of properties.
It can be seen from these figures that the difference in the thermoe-
lastic response characteristics of shells with and without thermal
degradation of properties is dominant only at higher temperature
ranges. Therefore, for the shell parameters yielding lower bifurca-
tion/buckling temperature, the incorporation of thermal degradation
of properties for the response predication might not be essential. The
influence of circumferential wave number n highlighted in Fig. 10
reveals that postbuckling characteristics pertaining to wave num-
bers close to the critical wave number ncr corresponding to lowest
bifurcation temperature differ slightly at lower displacement mag-
nitude. However, the wave numbers resulting in higher bifurcation
temperature can yield lower postbuckling temperature at higher dis-
placement magnitudes. It can therefore be concluded that the wave
number corresponding to lowest temperature can change with the
postbuckling response amplitude.

V. Conclusions
The nonlinear thermoelastic buckling/postbuckling characteris-

tics of laminated circular conical/cylindrical shells subjected to uni-
form temperature rise are studied employing semi-analytical finite
element approach. The influence of thermal degradation of material
properties is highlighted considering different material/geometrical
parameters. The participation of axisymmetric and asymmetric
modes in the total response of the shells is brought out through
the deformation shape analysis. The following observations can be
made from the detailed analysis carried out here:

1) The thermal degradation of material properties can signifi-
cantly affect the thermoelastic response characteristics depending
on the geometrical and material parameters.

2) The prebuckling responses of the shells reveal softening type
of nonlinear nature.

3) The increase in the semicone angle results in a decrease in
the critical bifurcation temperature, an increase in the associated
prebuckling deformation level, and a decrease in the sensitivity to
imperfections.

4) The postbuckling response shows a hardening type of nonlinear
nature away from the vicinity of bifurcation.

5) The thermal degradation of the material properties leads to the
increase in the prebuckling nonlinearity and a decrease in the critical
temperature and postbuckling strength.

6) The axisymmetric transverse deformation of the shell in the
prebuckling range is outward, whereas in the postbuckling region it
has both expansion (outward) and contraction (inward) phases un-
like the contraction type of nature in the large-amplitude asymmetric
vibration of shells.

7) The stiffening effect toward the smaller diameter edge of the
conical shell leads to significantly lower deformation magnitude
towards that end compared to the larger diameter side, whereas the
deformation pattern is symmetric/antisymmetric with respect to the
center length for the cylindrical shells.

8) The participation of asymmetric mode with 2n circumferential
waves is lower compared to axisymmetric and asymmetric mode
with n circumferential waves, but its inclusion in the model is im-
portant for the accurate response prediction of the shells.

9) The sensitivity of thermoelastic response characteristics to the
rotational edge restraints is found to be very less for the geometrical
parameters assumed here.

10) The circumferential wave number corresponding to lowest
temperature can change with the postbuckling response amplitude
of the shells.
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